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Comment on “Localized vortices with a semi-integer charge in nonlinear dynamical lattices”
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In a recent paper by Kevrekidis, Malomed, Bishop, and Frantzesiakigs. Rev. B65, 016605(2001)] the
existence of localized vortices with semi-integer topological charge as exact stationary solutions in a two-
dimensional discrete nonlinear Sctilmger model is claimed, as well as the existence of an analog solution in
the one-dimensional model. We point out that the existence of such exact stationary solutions would violate
fundamental conservation laws, and therefore these claims are erroneous and appear as a consequence of
inaccurate numerics. We illustrate the origin of these errors by performing similar numerical calculations using
more accurate numerics.
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After it was originally suggested by Aubry and co-worker all the explicit examples given in Reff6], the distance be-
[1,2], it is by now a well-known fact that two-dimensional tween the sites of nonzero amplitude is rather large, appar-
(2D) nonlinear Hamiltonian lattices may sustain exact, lin-ently six sites in Fig. 3 and ten sites in Fig(&though the
early stable solutions of the vortex type, which are spatiallytext claims a distance of six sites also in the latter figgure
exponentially localized and time periodic, and carry an en- As the configuration is quasi-1D, we will here for simplic-
ergy current by means of a phase torsion in a closed loogty first formulate our criticisms in the framework of the 1D
Such solutions were explicitly calculated numerically to highmodel, and then show how the same arguments can be ex-
precision, using Newton-type schemes, for Klein-Gorflelh  tended also to the 2D case. The 1D DNLS equafa. (1)
as well as discrete nonlinear ScHioger (DNLS) [4] lat- in Ref. [6]] has two conserved quantities, nord and
tices, and their linear stability for small intersite coupling HamiltonianH, with corresponding flux densitiek,, and Jy
was also explicitly demonstrated. Some recent publicationésee, e.g., Rel.7]):

[5] have revisited this topic and provided some additional
explicit examples of discrete localized vortices in DNLS lat-
tices and illustrated explicitly the mechanisms of the insta-
bility that, as was mentioned already [8,4], may occur

when the intersite coupling is increased. 1

However, in the very recent Rdf6], to which this com- H=2 | Cl¢hs1— nl?— §|90n|4 ,
ment pertains, Kevrekidis, Malomed, Bishop, and Frantz- n
eskakis claim to demonstrate a very surprising result which, .
if true, would go beyond all examples of discrete localized Jnu=—2CRE ¢ 1 (i1~ ¥1)]- 2
vortices found earlier: the existence of an exact stable sta-
tionary vortex with semi-integer topological chargs,  For a stationary, time-periodic solution of the for,
=1/2, in a DNLS lattice. Unfortunately, the claim is false, =exp{At)u, as considered in Ref6] [Eq. (5], the flux
and, as we point out below, contradicts fundamental consefcurren} densities take the fornd,=2C Im(u,,,u;) and
vation laws of the DNLS model. The erroneous claim isJy=—AJ,.. As for such solutiongwhich are not the only
based on using numerical schemes which, as we illustrateinds of solutions that might yield localized vortices in 2D
below, are not accurate enough to determine whether thigl] but the only kind considered in RéB]) the norm density
particular configurations obtained in RE8], for some rather | i,|? is constant in time for each site, the net flow of
extreme parameter values close to the uncoupled limit, arsncoming and outgoing current densidy, from sitesn*1
exact or only approximate solutions to the DNLS equation. must be zero at each site(the corresponding is of course

The explicit example proposed in R¢6], described by also true in 2D taking into account the four possible direc-
Egs. (9 and Fig. 1 in Ref[6], is quasi-one-dimensional tions). Now, separating amplitudes and phases by writing
(quasi-1D and consists, in the “anticontinuous” limi€  u,=|u,|exp(¢,) yields J\=2C|u, . 1||up|Sin(én1— &), SO
=0 [using notations as in Eqél)—(6) in Ref.[6]], of two  that, just as in standard quantum mechanics, any nontrivial
sites with equal nonzero amplitude, phase shiftedg, phase gradient creates a current. Thus, as for a stationary
situated along a row in the 2D DNLS lattice, while all other state,J - must be constant everywhere, we can directly con-
sites atC=0 have amplitude zero. Since the configuration isclude that for any localized solution for whigh,|—0, |n|
quasi-1D, the authors of Rdf6] also consider in Sec. lll of — we must havel ,=0, and thus the only possible phase
their paper its analog in a 1D lattice. We should note that irgradients whenC#0 are ¢,.1— ¢,=0,7 (the particular

caseu,,=0 for which J,=0 must necessarily be periodic

and therefore nonlocaliz&dThus, we conclude that the so-

*Email address: mjn@ifm.liu.se; URL: http://www.ifm.liu.se/ lutions proposed in Ref6], Sec. lll, having a total phase
~majoh gradient of /2 over six (or ten sites distance, cannot be
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exact stationary solutions to the 1D DNLS equation as their 10" :
existence would violate the conservation lafds (2). ;B .
The same argument carries directly over to quasi-1D con- 102}
figurations in the 2D DNLS equation, since no net current 3
can flow in the perpendicular directions for symmetry rea- 07 1
sons. Consequently, also the vortices with semi-integer topo 104t
logical charge proposed in Sec. Il of RE8] cannot exist as  Cyy
exact solutions. To make this argument explicit, consider a 10° ¢
hypothetical stationary solution of the form proposed in Eq. s
(8) of Ref. [6]: Um,n:|um,n|equ¢m,n) with ¢m,n~_|0|/2’ 10y
where 6 is the polar angle in the lattice plane, measured so 107
that =0 defines the line between the two sites with nonzero
amplitude forC=0 (“row m=10" in the notation of Ref. 108 : s - - ' s
[6]), and the origin is halfway between these sites. Considel 10% 1030 10% 102 107 10" 10° 10°
then the total current flow through an infinite “vertical” line, €

chosen, e.g., as the “colunm=10" in the notation of Ref.
[6] and defined by= * 7/2. Because of its very construc-

tion, thg SOIU“OU s symmetric Wit_h respect tq reflection instationary solution to the 1D DNLS equation to accuracyith a
the *horizontal” line “m=10" (cf. Figs. 1 and 3in Ref6]), /> phase shift between two breathers placed six sites apart (
and therefore the contributions to the total current from rows- g 37 as in Ref[6]). The convergence criterion used 3s[|(A
in the “upper” half plane (n>10) must be identical to, and — |y, |2)x,— CA x|+ (A —|u,|2)y,— CALy,[]<e, where u,=x,
in the same direction ashe contributions from the corre- +jy, : x,,y, real. The approximate relation &5~ €25 Filled
sponding rows in the “lower” half planerg<<10). Since for  squares: Corresponding results for the 2D c@sgy a few points
each rowm such a hypothetical solution must have a non-are calculated since the 2D calculations in quadruple precision are
trivial phase gradient between any sitasand n+1 (0  computationally expensiye
<@Pmn+1— ¢mn<ml2 by construction yielding a nonzero
horizontal current just as in the 1D case, with the s@posi-
tive) sign for all rows, the total current summed over all rows
across the vertical line must also be nonzero. But since th
solution is assumed to be localized, by the same argument
in the 1D case there can be no current at infinity, and thu
FLch 2 Sollon can be statonar snce lhe A exat solon |
other is uncompensated. More generally, in other models olg To 1_J|t|matgly rgsolve the apparent conflict bgtween the
. oS ' . umerical claims in Ref.6] and the general nonexistence of
anharmonic Hamiltonian lattices where energy is the onIyL

FIG. 1. Line with crosses: Maximum value 6f for which the
Newton algorithm “converges” to a solution that is an “exact”

numerical accuracy of the solution 19 In the absence of
additional symmetries, a stationary solution normally only
has one zero eigenvalue corresponding to the overall phase
Segeneracy; the existence of a second z&rydhe used pre-
%?sion) eigenvalue here, not related to any symmetries, indi-
Rates that the Newton scheme has not yet converged to an

conserved quantity, the same kind of argument applies rela ocalized 1D or quasi-1D stationary solutions with a phase
d Y, 9 pp radient, we have attempted to calculate the same kind of

ing phase gradients of time-periodic solutions to energy CUrs |utions as reported in Sec. lll of RdE], for the same
rents[2,3]. ' '

Although the simple argument above immediately dis_parameters, using the same kind of Newton method as de-

proves the claims of existence of localized quasi-1D modescribed in Ref.[6] but with higher accuracy, using when
with a phase gradient in Rd#], it is still instructive to trace ecessary quadruple precision arithmetics. We have found

the origin of these erroneous claims. We first note that th fhat the maximum value of for which the numerical
9 ) %cheme converges, within the prescribed accuracy, to a solu-

tail of a single one-site breather in the 1D DNLS equatlontion with a 77/2 phase difference between the constituting

ie/t/"gé)f)l(pfjnse.:t'agr eas;,r]; Ieexpt(h_eB ln;)r:';\n\?g:z;e a(l:oesslﬁn d._breathers as expected decreases towards zero when the al-
N - Using, xampie, P vaues Indl5wed error of the solution is decreased. Typical results are

CEieq mwilgz' 5 3: ?ef[G] (é:.:tO'OOS fan.dA.t=0.?hZ),bweth illustrated in Fig. 1. We have also, in the same way, at-
obtain 8~4.2 so that over a distance of six sites the brea e{empted to calculate the vortices with semi-integer topologi-

. _11 . .
would decay with a factor-10""" and over ten sites with ., charge reported in Sec. 11 B of R¢6] for the 2D model,

~10~18 i i in- . L0 X .
10" Thus, the interaction between two breathers in- ., very similar results as for the 1D caééled squares in

Sertid atdsuqhhd;]stances as Im Riéfl would b? S)ftre;nely Fig. 1). (As described in Ref[3] other numerical schemes
Wealg' and, with the numerical accuracy reported in the PaPqlsing, e.g., singular value decomposition would, in principle,
(10°%), an approximate solution with an arbitrary relative o yqre ‘gujtable here and have also been implemented with
phase between the two breathers could easily be mistaken fQfiar results: however we refrain from discussing this here

an exact stationary solution, since the curréptthat would ;. ¢ -ijitate comparison with the results of RE8].)
flow would be very small but always nonzero, unless the -

relative phases were 0 ar. A clear sign of the insufficient | thank S. Aubry and G. Kopidakis for many enlightening
numerical accuracgfor the 2D casgcan be seen in Fig. 2 of discussions during several years of collaboration, and ac-
Ref.[6], where the stability analysis showso pairs of sta- knowledge financial support from the Swedish Research
bility eigenvalues which are closer to zero than the claimedCouncil.
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